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Abstract 

We consider the Cauchy problem in R” for heat and damped wave equations. We derive 
asymptotic prohles to those solutions with weighted data by presenting a simple 

method. 


1 Introduction 

We first consider the Cauchy problem for heat equations in R” (n > 1): 

vt{t,x) — Av{t,x) = 0, {t,x) G (0, oo) X R”", (1.1) 

u(0, x) = t;o(x), X G R”, (1.2) 

where the initial datum uq is taken from the weighted L^-space: 

Vo G L2(R”)nL^’^(R”), 

where 

/ G L^’'^(R") ^ / G L^(R”), ||/||i,A: := / (1 + |x|)'^|/(x)|dx < +oo. A: G N U {0}. 

JR" 

It is known that for each vq G L^(R"') the problem (1.1)-(1.2) admits a unique solution 
V G C([0, +oo); L2(R’") n CH(0, +oo); (cf. [17]) 

Our first target is to give a simple alternative proof of the following known result (cf. [2]). 

Theorem 1.1 Let n > 1. If vq G L^(R"' ) n L^’^(R"'), then the solution v{t,x) to problem 
(1.1)-(1.2) satisfies 

\\v{t,-) - PoG{t,-)\\ < Ct~^~^ [ |x||xo(x)|dx), t > 0, 

JR" 

where 
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G{t,x) : 


1 



and C > 0 is a constant. 


Remark 1.1 It follows from the recent result due to Said-Houari [19, 
derived a more general result from the viewpoint of Ik^’^-decay estimate 
[ 2 ]) that 

||u(t,-)|| \x\\vo{x)\dx) + C\Po\t~^. 

iR" 

This implies that under the condition Pq ^ 0 one has 

||u(t, •)|| = 0{t~i), t +00, 
even if the initial datum belongs to the weighted space. Furthermore, it is well-known that 

W^it, ■)\\ = 0{t 4 )^ ^ _l_oo. 

These observation and Theorem 1.1 imply that the asymptotic profile of solutions to the heat 
equation (1.1) becomes so called a multiple of the Gauss kernel as t —)• -|-oo. Of course, this is 
a well-known fact. Indeed, Karch [10, Lemma 3.2] has already announced the similar fact that 

\\v{t, •) - PoG{t, •)[[ = o{t~'^^'^), t -hoo, 

in the case when vq belongs to the usual L^(R”) space (not weighted space!). By restricting 
the initial datum vq to the weighted L^-space, we can find a more precise decay order (see also 
[2] for the same result as in the case of vq G L^’^(R"')). Our new point of view is to introduce 
a new simple proof of this fact, and our method has a possibility widely applied to some other 
evolution equations including damped wave equations below. 

A similar result to the wave equations with structural damping: 

Uft - Art-k (-A)®ut = 0, 0 g[O, 1], 


Theorem 3.2] which 
of solutions (see also 


will be announced in our forthcoming project. 

Next let us consider the Cauchy problem for damped wave equations in R”" (n > 1): 

utt{t,x) — Au(t,x) + ut{t,x) = 0, (t,x) G (0, 00 ) X R"", (1.3) 

u(0,x) = no(x), Ut{0,x) = ui{x), x G R”, (1.4) 

where the initial data uq and ui are also taken from the weighted L^-space: 

[uo,wi] G 

Then we can find that the problem (1.3)-(1.4) admits a unique weak solution 
u G C([ 0 , +00); n ^^([O, +00); L 2 (R^)). 

Since Nishihara [15] studied the asymptotic profiles to the quasilinear damped wave equa¬ 
tions, which have its origin in the research of the system of hyperbolic conservation, many 
mathematicians are producing many interesting papers about the diffusion phenomenon of the 
damped wave equations. 

The L^-estimates for the difference u{t, •) — v{t, ■) based on the Fourier analysis can be found 
in [10] and [14], where u is the solution to (1.3)-(1.4), and v(t,x) is the solution to (1.1)-(1.2) 
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with vo{x) = uo{x) + ui{x). They solved concretely the ODE after the Fourier transformed 
equation with parameter 

Unit, 0 + 0 + ut{t, 6 = 0 

to proceed the estimates of transformed solution u(t, 6 in the low and high frequency parameter 
^ in the Fourier space. In particular, Karch [10] introduced the following equality (in fact, he 
treated a more general nonlinear equations): 

N In 

lim — 0, 

t^+oo 

where p G [1, oo], and 

0 *:= / {uo{x) + ui{x)))dx. 

JR" 

The sharp results about the asymptotic expansion of the solution u{t,x) as t ^ +oo was found 
in [16] in the case when n = 3: 

u{t, ■) « v(t, ■) + •), t + 00 , 

where w{t, x) is a solution to the free wave equation 


wtt{t,x) - Aw{t,x) = 0, 


(1.5) 


rc(0, x) = uo(x), wt{0, x) = ui{x). 


He ([16]) used the fundamental solutions to (1.3) based on the famous text book due to Courant- 
Hilbert, so the restriction on the dimension n seems to be necessary. These types of asymptotic 
expansions of global solutions to (1.3)-(1.4) with a power type of nonlinearity were also developed 
in [6] (n = 2) , [12] (n = 1) and [4](from the viewpoint of weighted data). 

On the other hand, the abstract theory in Hilbert spaces about the diffusion phenomenon 
can be found in [1], [9] and [18]. 

Recently, Said-Houari [19] derived the shaper decay estimates for the difference on u — u in 
terms of weighted initial data. Under the assumption that [ Uj{x)dx = 0 (j = 0,1) he 
derived the sharp L°° estimate of the difference u — v based on the two methods from [3] and 


[ 8 ]. 


Quite recently, Kawakami-Ueda [11] reconsidered the ’’nonlinear” version of the problem 
(1.3)-(1.4) with the nonlinear term F{t, x, u) in the case when n = 1, 2, 3. Their research is also 
based on a viewpoint of the weighted L^-data, i.e., uq G lU^’^ H and ui G n L°°. The 
restriction on the dimension n comes from their method, in fact, they used a similar framework 
to the Nishihara’s one [16] based on several estimates for the fundamental solutions of (1.3). 
While, we have to mention to the work due to Hosono [5], in which the asymptotic behavior of 
solutions of nonlinear problem for (1.3) was studied around 2006 by the Fourier analysis similar 
to the method introduced in this paper. However, it should be noted that the method presented 
in this paper basically constructed in 2003. 

The purpose in this paper is to find the asymptotic profile as t —)• +oo of the solution u to 
problem (1.3)-(1.4) in terms of the ’’weighted L^-initial data” based on an idea to derive Theo¬ 
rem 1.1 above. That idea has its origin in [8, Lemma 3.1] and [7, Lemma 2.3]. The viewpoint 
from the weighted initial data seems not so new as is already mentioned (see [8], [11] and [19]). 
Our novelty is to introduce a simple new method in the case when we derive asymptotic profiles, 
and our argument is independent from the restriction on the dimension n. The term ’’simple” 
means that we have only to observe the Fourier transformed initial data thoroughly in order 
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to catch the asymptotic profiles of solutions, that is, the asymptotic state is determined by a 
decomposition of the Fourier transformed ’’initial data” (see (3.8)). By this idea we can also 
consider the higher order expansions of solutions together with applications to the other type of 
evolution equations, but these applications will be announced in a series of forthcoming projects. 
Unfortunately, at present our method seems not to be applied to the nonlinear case as in [11]. 


Our main target is to give a simple proof of the following fact from the view point of the 
weighted L^’^-initial data. 

Theorem 1.2 Let n > 1. If [mo,wi] G {H^{LC) O n n ^^’^(R”)), then the 

solution u{t, x) to problem (1.3)-{1.A) satisfies 

7T. 1 

\\u{t, •) - (Poo + Poi)G(t, oil < 0^4-2(11^0111,1 + ||ui||i,i + lluoll + llVuoll + ||^xi||), t > 0, 
where 

-Poo := / uo{x)dx, Poi := / ui{x)dx. 

In 2003 Ikehata [ 8 ] proved the following result for the solution u{t,x) to problem (1.3)-(1.4) 
based on the previously computed one due to Matsumura [13]: 


\u{t, Oil < 0 / 0(1 + t) 4 2 -|- 0|Poo + Poi|(l +1) 4 , 


( 1 . 6 ) 


where 

/o := II'WoIIri + ||^to||i,i + ll'Will + ||^ii||i,i- 
This implies that in the case when |Poo + Poi| 0 , we have at most 

||u(t. Oil = 0(t“4), t -)-oo. 

Furthermore, it follows from the same observation as in Remark 1.1 that 

\\G{t, ■)\\ = 0{t 4 ), i ^-)-oo. 


So, the result in Theorem 1.2 implies that in the case when Pqo + Poi 0 the asymptotic profile 
of the solution u{t, x) to problem (1.3)-(1.4) as t —)• +00 becomes a multiple of the Gauss kernel. 
The result in Theorem 1.2 becomes an improvement from the viewpoint of the L^’^-initial data 
(cf. [1], [9], [10], [14], [15], [16], [18]). 


In the case when |Poo + Poi| = 0 we can not know the asymptotic profile of the solution 
u{t,x), and in this case Said-Houari [19, Theorem 3.3] states that the asymptotic profile still 
becomes the solution v{t,x) to problem (1.1)-(1.2) with vq := uq + ui. He considered such case 
in terms of the weighted data. 

Remark 1.2 If we apply the results due to [11, Theorem 2.1] to the ’’linear” case (i.e., F(t, x, u) = 
0 in [11]), their result tells us that 

^2! .j _ .j||^ = t —)• +00, 

for p G [1, 00] and uq G Fi and ui G Pi with k G (0,1]. So, if we choose p = 2, 
and /c = 1 in order to compare, we have 

1 4 ||u(t, •) — (Pqo + Poi)G(l + 1 , •)|| = 0 (t ^P), t —)■+00. ( 1 - 7 ) 

The decay order of Theorem 1.2 becomes the same as (1.7). Although we can derive the same 
type assertion in terms of P°°-norm, too, it is left to the reader’s exercise. 
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Notation. Throughout this paper, || • ||g stands for the usual L'?(R”)-norm. For simplicity 
of notations, in paticular, we use || • || instead of || • || 2 - Furthermore, we denote the Fourier 
transform (/)(^) of the function (/>(x) by 

:= 0(0 := (1.8) 
n 

where i := \/~l) and x ■ ^ = for x = (xi, • • •, Xn) and ^ = (0 ;''' > Cn), and the inverse 

i=l 

Fourier transform of J- is denoted by J-~^. When we estimate several functions by applying the 
Fourier transform sometimes we can also use the following definition in place of (1.8) 

-^(0)(O := / e"*"^'^0(x)(ix 

JR" 

without loss of generality. We also use the notation 

2=1 ^ 

2 Proof of Theorem 1.1. 

In this section, we shall prove Theorem 1.1 by relying on a new method, which has its origin in [8]. 

In the following proof we can assume that the initial datum vq are sufficiently smooth, say 
vq G C'“(R”) because of the density argument. 


Proof of Theorem 1.1. First, we apply the Fourier transform of both sides of (I.I)-(1.2), then 
in the Fourier space R^ one has the reduced problem: 

Vt{t, C) + (0 0 = 0, (t, 0 G (0, 00 ) X R^, (2.1) 

^(0,0 = ^0(0, eeR?- (2.2) 

Then we can solve (2.1)-(2.2) directly: 


^(0O = 03(Oe 


We notice that 


03(0= / uo(x) cos(x • 0 *^ 2 ^ “ ^ / xo(x) sin(x • 002 ^ 

JR" JR" 

/ uo(x)(cos(x • 0 ~ 1 ) 02 ^ “ ^ / uo(x) sin(x • 0023 + / vo{x)dx 

JR" JR" JR" 


SO that one has 


=: A(0 - iR(0 + ^ 0 , 


v{t,C) - = y4(C)e-l0'* - zR(Oe-l0'0 


This implies 


){t, •) - <C [ |Gl(Ope-2|0'*d^ + C f |R(0pe-2|«l'*d^. 

JR" JR" 


5 



Set 


^ 1 — cos 6\ 

L ■■= sup--< + 00 , 


M := sup 


Sin ( 


< +OC. 


^^0 1^1 

Then, we can estimate (2.3) as follows; in case of ^ 7 ^ 0, for small (5 > 0 one has 

/ l^^o(a;)||(cos(x • 0 - 

J\x\>5 

J\x\>5 |X-4| 

<m\j \vo{x)\\x\dx. 

JR" 


Letting 5 0 in (2.4), one has 


\A{^)\<L\^\ \voix)\\x\dx (CgR''). 


/R" 


(2.4) 


(2.5) 


Note that (2.5) holds true also in the case when .^ = 0. Similarly to (2.5), one also has 

\Bm < M|e| f \vo{x)\\x\dx (C G R"). (2.6) 

JR" 

Thus, because of (2.3), (2.5) and (2.6) one can arrive at the meaningful inequality: 

||i)(t,-)-Poe-l-l'*f 

< C{L‘^ + M‘^){ [ \vo{x)\\x\dx)‘^ [ 

JR" JR" 

< C{L‘^ + M‘^){ [ |uo(x)||x|(ix)^t“2 

JR" 

Finally, because of the Plancherel Theorem and the well-known fact that G{t,x) = J^"^(e“*l^l^)(x), 
one has the desired estimate. □ 


Remark 2.1 By observing the proof of Theorem 1.1 we can find that vq G L^’^(R"') implies 
vq G C'^(R"'), and because of the Riemann-Lebesgue theorem one has 


1 , 1 ™ ^ 7 ^ = 1 , 1 ™ J^(-^XjVo(-})(0 = 0 , 

|^|—)-+oo 1^1“^+'^ 


dvoiO 

d^j 




Moreover, from the mean value theorem one has 


{j = 1,2, • • • ,n). 


Do(6-l^o(O) = Vi}o(0e)-^, ^G(0,1), 


so that one can also arrive at the essential inequality in our proof: 


|xo(0-^o| <^11X0111,11^1. 

Although we can generalize this idea to the initial datum vq G L^’^(R'^) with more heavy weight, 
this will be our next project. 
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3 Proof of Theorem 1.2. 

Let us prove Theorem 1.2 based on an idea due to [8]. The first part of proof corresponds to 
the low frequency estimate of the solution. 


Lemma 3.1 It is true that there exists a constant C > 0 such that for t > 0 one has 


< Ct-2 


---1 


l«l<l/4 

2 , ll„, l|2 


1,1 + ll'“l|ll,l) + C't 2 


-2-2 


l + \Ml) + Ce 


-t 


+ 


Proof of Lemma 3.1. We apply the Fourier transform of both sides of (1.3)-(1.4), then in the 
Fourier space one has the reduced problem: 


Utt{t, C) + f) + Ut{t, C) = 0, {t, C) G (0, oo) X R^, 

ii(0,O = «t(0,6 ='“i(6> a: G R^- 

Let us solve (3.1)-(3.2) directly under the condition that |.^| < 1/4. In this case we get 

^ MO -(^2UoiO MQcri -M0 ^a.2t 


CTl — CJ2 

where aj G R (j = 1,2) have a form: 


dl — £72 


(3.1) 

(3.2) 

(3.3) 


CJi = 




0-2 = 


_i_yrw^ 


Here, we notice that 


(3.4) 

(3.5) 

(3.6) 


= -^1 - leP, 

crl = -(72 - M. 

By rewriting (3.3) using (3.4) and (3.5) one has 

u{t,f) = + K 2 it, 0 }, 

where 

£72 — CTl 

£7l — £72 

It is important to know that Ki(t,f) can be decomposed into the following style. This decom¬ 
position comes from Chill-Haraux [1]. 


Ki{t,0 = MO + MO + 


£^1^0 (6 
£72 — £7l 


^ < 72 ^o( 0(1 - e M MQje ‘^ 1 * - {(71 - ( 72 )) 


£7l — £72 

So one has arrived at the meaningful relation: 


£7l — £72 


w(L0 = e ^^^^\M0+M0 + 


criMO 

£72 — £7l 
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o-2U^o(0(l-e , «i(0(e - (o-i - 0 - 2 )) 


^^ ^ ^ ^ K2(t,0- (3.7) 

CJl — 1 T 2 CJl — 1 T 2 

Now let us use the idea similar to the proof of Theorem 1.1 (see [8, Lemma 3.1]). We use the 
relations 

%(0 = ^jiO - + Poj {j = 0,1), (3.8) 

where 

^j(0 •= / (cos(x • ^) — l)nj (x)(ix, Bj{^) := / sin(x • .^)ttj (x)(ix, (j = 0,1). 

JR" JR" 

Because of (3.7) and (3.8) we get the useful identity for all ^ satisfying |^| < 1/4: 

0 “ (Tho + Poi)e~^^^^ 

= (Jlo(0 - iBoiO + MO - iBi(0)e-*l«l' (3.9) 


-^lg|2^ (JiTo(0 o-2To(0(l-e ^?*) MOje - {c^i -M) ^ ^ 

CJl — CJ 2 CJl — CJ 2 




+ 


} + e-*lf iL2(L6. (3.10) 


CJ2 — fJi 

The essential part of our result is in the estimation for (3.9). Although the estimates for (3.10) 
can be done almost similar to [1], for the sake of completeness of the proof we will write down 
all estimates for (3.9) and (3.10). 

(I) The L? estimates for (3.10). 

First, let us note the inequalities that 

o< -<Ji < 2 iep, 


(3.11) 


cji-cj2 = ^l-4|e|2>^3/4>l/2. (3.12) 

So, because of (3.11) and (3.12), the first term of (3.10) can be estimated in terms of L^-norm 
as follows: 

Jo(t):= [ 

Jifl 


'l?l<l/4 CJ2 — CJl 

■| 2 , 


<C||ho||L / 

Furthermore, because of the mean value theorem we know 


(3.13) 


|l_e —<tal 


so that one has 


Ji(t) := / 

J\L 




l?l<l/4 |fJl — <J2 

<M\uo\\l ' 




0«l<l/4 


cj|cjfe 


Since cj^ < 16|^|®, and 


.2_ „ ,,,2/ _ _ l + v/T^W/ 1 , 1 


0-2 = -^2 - ICI < -0-2 = 


< - + - = 1 , 

“22 
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one gets 


so one has 


■l|?|<l/4 ^hl<l/4 


l«l<l/4 


Mt) < ct-2-^\\uo\\i. 


On the other hand, since 


|e-i* - (ai - (72)1 = |(e-"i* - 1) + 1 - (ai - (72)1 


= - 1) + (1 - Vl-W)l = - 1) + 

< - 1| +4|^p, 

because of the mean value theorem again, we see that 


(l + v'l-4|(P)' 


|e *^1* - i<Ti - <J2)| < tal + 4|(|^ < 4t|(|'^ +4|(|' 


Thus, from (3.15) one can estimate as follows: 


J2{t) ■■= f 

J\L 




l«l<l/4 


(71 - (72 


< Cllmll? [ + |e|4)(ie < C||ui||?t-?-2. 

4|«|<1/4 

(II) The estimates for (3.9). 

Let us estimate (3.9) in terms of L^-norm, which is the main part of our result. 
In fact, 

Jsit) := [ |ylo(0 - ^BoiO + 44i( 0 - zi?i(C)pe-2*l«l^(ie 

4|£I<1/4 


'l£l<l/4 


(|To(OI + \Bom + 1^1 (01 + |i?i(0l)'e-2‘'^''rf0 


By proceeding the same computations as in the proof of Theorem 1.1 one can get 

|A,(0| <L|C|||u,||i,i, (i = 0,l) 


\B,iO\ < MmujWi,!, (i = 0,l). 


where we have set again 


^ 1 — cos 6\ , ^ sin 6\ 

L := sup- ^ -< Too, M := sup ——— < +oo, 

6»^0 TI 6»^0 TI 


SO that we have 


■m < C(||uo||?,i + lOillpi) [ iL + M)2|e|2e-2*l€l^(ie 

4|£|<i/4 

^ C{L + mA{\\uo\\i^i + \\ui\\i^i)t 2 

(III) The estimates for the last term of (3.10). 

Let us estimate the following J 4 (t): 


4|£|<i/4 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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/|?|<l/4 CJl— (T2 


Since af < —ai < 1/8 because of (3.11) and 


^2 ^ 1 +V1-4ICP _ 2 > 1 + n/1-4/16 _ ^ ^ 7 + 4^/3 1 

2 “ 2 16 16 2’ 


2 J- -r V ^ISI le|2 \ ^ 

f^2 =- 2 -- — 

by (3.12) and the Plancherel theorem one has 


Ji{t)<Ce * / e + l*i(OP)'^^ 

4 |?|<i /4 


< Ce 


(|wo(0p + \MOf)d^ < Ce 


—i/ll.. Il2 


+ lkf)- 


(3.19) 


4 |?|<i /4 

Finally, because of (3.9), (3.10), (3.13), (3.14), (3.16), (3.18) and (3.19) one has arrived at 
the desired estimate for lemma 3.1; 


/ \u(t,0-{Poo + Poi)e-^'^'"\^d^ 

J\e\<i/4. 


4 |«|<i /4 

< Ct~^~^(\\un\\‘i 1 + lltti II? li + Ct~ 2 ~‘^(\\uo\\'i 


h + ll^illli) + Ct-^-H\\uo\\l + lluill?) + Ce-\\\uof + lluif). 


The second part of proof corresponds to the high frequency estimate of the solution. 
Lemma 3.2 It is true that there exists a constant C > 0 such that for t > 0 one has 


[ \u{t,f) - {Poo + Poi)e 


< Ct '2 ^(||uo||i^i + llui 11?^;^) + Ce *(||Vuo||^ + ||ui|p). 

Proof of Lemma 3.2. We start with the following explicit formula under the assumption |^| > 1: 


- ^2Uo{i) „Ait , «o(OAl - Ul(0 „A2t 

sj— XX e-t- 

Ai — A2 Ai — A2 


(3.20) 


where Aj G C (j = 1, 2) have a form: 


_ -l + v^4|^P-li -1-V4|eP-H 

^ 2 ’ ^ 2 


Here, we also notice that 


A? = -A,-|eP, (/ = 1,2). 


By rewriting (3.20) using (3.21) one has 


i(t,^) = ^ ^o(OAi -Ui(0 ^-A^ti_ 

A 2 — Ai Ai — A 2 


(3.21) 


(3.22) 


We set for later use. 


Ai — A 2 


By the same procedure as in (3.7), (3.8), (3.9) and (3.10) one has the following decomposition 
again; for all ^ satisfying |^| > 1; 


Kt:0 - (Poo+ 7^01 )e-'l«l' 
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(3.23) 


= (Ao(0 - iBoiC) + ^i(6 - 

-t|gpr Aino(0 ^ A2 Uo( 0(1 -e-^^) ^ - (Ai - A 2 )) ^ ^ (3-24) 




+ 


A 2 — Ai Ai — A 2 Ai — A 2 

In the computations below we have to use the following relation for Xj G C (j = 1, 2) 


|A,| = |C|>1, (j = l,2) 

(3.25) 

Ai — A 2 = y4^2 — 1 > a/s. 

(3.26) 

-12 1 ui2 'JhiV ~ 

Ai - 2 l?l 2 

(3.27) 

Al = l 

(3.28) 

(i = l,2). 

(3.29) 


so that one has 

(I) The estimates for (3.24). 

The first term of (3.24) can be estimated in terms of L^-norm as follows, because of (3.25) 
and (3.26). In this case we need the regularity on the initial amplitude uq. 


/„{() := f 

.I|C|>i A 2 — Ai 


,-2t 


< 


\e\Mcrd^<ce-^^\\vuor. 


3 

Furthermore, it follows from (3.25), (3.26) and (3.29) that 

|A2p|l-e-^^|2 


(3.30) 


hit) := / 


|«|>i IA 1 -A 2 I 2 




< C 


IA 2 P 


|«|>i |Ai - A 2 P 




IA 2 P 


|^|>i |Ai - A 2 P 






< 


3 J|f|>i 


<Ce-2*||Vuof+ Ce-*||Vnof. 
On the other hand, because of (3.26) and (3.29) one gets 


(3.31) 


l2it) := f 


-2t|$|2|^^A(0(e ^ 1 * - (Ai - A 2 )) I 


l?l>i 


Ai — A 2 




< C 


=-Aft|2 


< 


|C|>i|Ai-A2F 4|«|>i 

c[ /" \uiiC)\'^dC < Ce~^\\ui\\ 

JlflM ./|fl>l 


(3.32) 
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(II) The estimates for the last term of (3.24). 

Let us estimate the following [^{t) by using (3.25), (3.26) and (3.29); 


h{t):= f e-2*l«lV3(Le)Pde= / 


-2t|$pl ^l(0 |2|„-A2t|2 


3 J|^|>i 3 J|^|>i 

C [ |epe-‘e2*l«l%-2‘l«P|no(e)|2d^ + C [ e-^\M0\" 

3|£|>1 J\£\>1 


I«I>1 


Ai — A 2 


d^. 


< 




< Ce"*||Vuof + Ce-^\\uif. (3.33) 

(III) The estimates for (3.23). 

Let us estimate (3.23) in terms of L^-norm. This part is treated with the similar procedure as 
in that of (3.18). 

In fact, 


h{t)-.= f |ylo(e)-iBo(0+^i(0-i5i(e)|V2*l€l^dC 


'ICI> 

< C(L||no||i,i + M||ui||i,i)2 [ 

3|£|>i 


(3.34) 


where we have set again 


|1 — cos 01 I sin( 

L := sup-—- < + 00 , M := sup ——— < + 00 . 


^^0 1^1 


^^0 1^1 


so that we have 


/4(*)<C(||a„||f,, + ||a,||f,,) / 

3|£|>1 


|2 , IL, ||2 A.-S-l 


< C(||uo||i^i + llui||^i)t 2 (t > 0). (3.35) 

Finally, because of (3.23), (3.24), (3.30), (3.31), (3.32), (3.33) and (3.35) one has arrived at the 
desired estimate; 

[ \u{t,C)-{Poo + Poi)e-^^^^"fdC 


< iWuoWl^i + ||^^i||?,i) + Ce~W\Vuo\\‘^ + lluill). 

□ 

Proof of Theorem i..2. Under the preparation from Lemmas 3.1 and 3.2, we can prove The¬ 
orem 1.2 as follows. 

In fact, we first make a decomposition as follows by relying on the Plancherel theorem; 


\u{t, •) - (Too + Tbi)G(t, • 


< 


(/ +/ +/ )|u(t,e)-(Too + Toi)e-*l«l?dC 


'ICI<l/4 Jl/4<|£|<1 .ll<|£| 

=; i?i(t) -|- R2{t) + Rsit)- 
We can rely on Lemmas 3.1 and 3.2 to get 

Ri{t) < + ||ni||?,i) + Ct-^-\\\uo\\l + lluill?) + Ce-*(||nof + ||uif), 

Rsit) < Ct-^-\\\uo\\li + ||ui||?,i) + Ce-‘(||Vuof + ||uif). 
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On the other hand, concerning R 2 {t) we can apply the classical estimates prepared by Matsumura 

[13] (see also [8]). 

R 2 {t) = [ \uit,0 - {Poo + 

<C [ \u(t,0\‘'d^ + \Poo + Poi\‘' [ 

< Cte-\\\uif + ||«of) + + ||uof) 

+C'„(||uo||i + ||tti||i)e 

with Cji ■= d^- These estimates imply the desired statement of Theorem 1.2. □ 

•Il/4<|€|<1 
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